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Abstract A host algebra generalises the concept of a group algebra in the following way. 

Take a unital C*-algebra T and a proper subset of its states &o within 
which one wants to keep the analysis (e.g. the group algebra of a discrete group 
G, and the set of its states continuous w.r.t. some nondiscrete group topology 
of G). Then a host algebra is a C*-algebra C for which we have embed- 
dings J-" C S D C into a larger C*-algebra £, such that states on C extend 
uniquely to JF, and this extension defines a norm continuous afRne bisection 
between ©o and the whole state space of C. The main examples -though 
not the only ones- are of course group and covariance algebras. Here we study 
the general existence question for a host algebra of a given pair (JF, ©0)5 
show that given a host algebra one can do integral decompositions of states in 
&o in terms of other states in &o, and we show that if one does induction 
of representations via host algebras, one stays within the class of representations 
with the right continuity properties w.r.t. (Sq. Moreover, up to a central al- 
gebra, one can always construct a host algebra (if &q is a folium), but this 
central algebra can be an obstruction to the existence of a host algebra. These 
results should be interesting to anyone who wants to construct a group algebra 
for general topological groups, and quantum physicists should also be interested 
due to various selection criteria for physically acceptable states. 
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Introduction. 

In quantum physics one is frequently given a unital C*-algebra T for the observables 
and a distinguished proper subset of states ©o C of its state space together with 

the constraint that the physical system can only realise these states and no others. 
Examples. (1) Constrained systems;- here one has a distinguished set of unitaries U d 

and for the set of physically realisable states <&q we have the Dirac states 
{ujee{T) I a;(W) = 1 } , cf. Grundling and Hurst [GH]. 

(2) The algebra of the canonical commutation relations T = A(S', B) over a sym- 
plectic space {S, B) (cf. Manuceau [Ma]), where &o is required to be the set 
of regular states. 

(3) In finite dimensional quantum mechanics, JF is taken as a factor of Type I and 
the physically relevant states, 6o, as its set of normal states. 

(4) In algebraic quantum field theory, let be the inductive limit of a net of local 
algebras, and let &o be the set of locally normal states with respect to some 
distinguished state (cf. Haag [Ha]). 

In such a situation one can object that the given system (JF, &q) is not satisfactory 
because it leads naturally to nonphysical objects, for instance the weak*-closure of So 
can be the full state space 6(.F). Indeed, from the point of view that the states and 
observables should be in some kind of duality (a Heisenberg-Schrodinger picture equiva- 
lence), one can argue that if &o is the physical state space, then is not the correct 
algebra of observables. From the mathematical point of view there are also problems, 
e.g. we may not have a decomposition theory of states in &o in terms of other states 
in ©0- Another problem, is that if we have two pairs (.F^*), ©o*^), i = 1, 2 and an 
imprimitivity bimodule for the algebras, then when we induce a representation from one 
algebra to the other, we can easily move out of the class of allowed states. Our idea here 
is to replace by an algebra C which has precisely ©o as its state space, in a sense 
to be made precise below. 

For some examples of (T, ©o), we do in fact have a more convenient algebra which 
in some sense has precisely ©o as its state space, e.g. if we take JF = i3(7i), and let ©o 
be its set of normal states, then the algebra of compact operators C = /C(7i) is an algebra 
with state space ©o in the sense that ©o \ JCiH) — &{}C{7i)) and the states on )C{7i) 
extend uniquely. (We use here the notation ©(•) for the state space of its argument). 
Group algebras provide another set of examples - see the next section. So, inspired by 
these examples, we will study here the following situation. Given a pair (.F, ©o), find 
a pair of C*-algebras C G S and an embedding ^ : T ^ £■ such that the states on 
L extend uniquely to ^(JF), and 6'(©(£)) = ©o where d denotes the extension map 
Q : ©(>C) ©(^) • Naturally, there are existence questions to be answered, and we will 
address these first. In the next section we develop our basic theory, in Sect. 2 we construct 
a host up to a central algebra, and in Sect. 3 we do a few applications. 
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1. Basic Concepts. 

To prepare the ground, we first recall some background material. 

Recall that a hereditary subalgebra B of a C*-algebra A is a C*-subalgebra such that 
< A< B for Ae A, B eB implies that AeB . Equivalently (cf. Murphy [Mu]) 
B is hereditary if BAB C B. Such algebras are plentiful, and are in bijection with the 
set of closed left ideals of A. All closed two-sided ideals are hereditary. For us, the most 
important property is: a C*-subalgebra B is hereditary iff each state u> e &iB) has a 
unique extension to a state ^(i^) G &{A) (cf. Kusuda [Ku]). If we define a projection 
P e A" as the unit of B" C A", then the map 9 : B* ^ A* defined by 



e{ip){A) := if {PAP) = limifiEaAEa) (1) 

a 

for all A & A and some approximate identity {-Eq} of B, is precisely the unique 
extension map on the states &{B) C B*. Moreover 9 is an isometry, hence its range 
is norm closed. Given a representation of B, we can always induce a representation on 
A from it (cf. Fell and Doran, XI. 7.6 [FD]), but usually this will be on a different space 
than the original representation. In the case that B is a two-sided ideal of A we have 
that P e A' nA" , and so 



9{ip){A) := ip{PA) = limvp(E„A) (2) 

a 

and now, in addition, representations of B also extend uniquely on the same space to 
A. For a representation tt : B — > B{H), the unique extension is 



tt{A) := n{PA) = s-lim7r(^«^) (3) 

a 

In this paper we will always use the notation (.7^, ©o), to denote a unital C*-algebra 
and a distinguished subset of its state space. We choose to be unital, since this 

ensures that its state space is w*-closed, hence norm closed (cf. Pedersen [Pe] 3.2.1). We 

are now ready for our basic definitions: 
Def. Given a pair (JF, ©q) consisting of a unital C*~algebra and a proper subset of its 
states, we say a C*-algebra £ is a host for the pair if there is a unital C*-algebra 
E D jC (faithful embedding) and a unital *-homomorphism T ^ E such that: 

(i) £ is hereditary in 

(ii) E is generated by £ and ^(JF), 

(iii) the map 9 : &{jC) — > defined by unique extension 

9{uj){F) = \imuj{E^^iF)Ea), FeT (4) 

a 

for any approximate identity {Eq} of C, is injective and has range 9(&{C)) = 
6o- 

• In the case that C is in addition a two sided ideal of E, we call it an ideal host. 
Remarks (1) The requirement (ii) that E be generated by C and ^{J^), is not essential ;- 
if we start from some larger algebra E satisfying the other requirements, we can 
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always replace 8 by C*(£U^(J^)) inside £ because C is hereditary for any 
subalgebra of £ containing it. An important point in the definition, is that we aUow 
C to be outside JF. 

(2) If [T^ ©o) has an ideal host C <Z £, then there is a natural homomorphism 
of £ into the multiplier algebra M{C) C C" , and so we can equivalently define 
an ideal host for (JT, ©g) as a C*-algebra C together with a homomorphism 
^ : — M{C) such that 6 : &{C) is injective, with image ©o- 

(3) If (JF, ©o) has only a host C G £, then we may want to try a similar embedding 
than in the last remark. The point is that £ acts as a set of quasi-multipliers of C 
(i.e. jCEC C JC for each E e £ ) and we know by C. Akemann and G. Pedersen, 
Prop. 4.2 [AP], that there is a linear bijection between the quasi-multiplicrs and 
elements A G C" such that CAC C C. However, in general this bijection is not 
a homomorphism for C*-algcbras of quasi-multipliers, so we can not exploit this 
bijection as in the previous remark. 

(4) Ideal hosts are of course more useful than hosts because then one has also unique ex- 
tensions of representations on the same space. As we shall see however, their existence 
place strong structural restrictions on &q. Most of our analysis here will concern 
ideal hosts. 

First we do a list of examples, and then some structural analysis. 
Examples (1) For the pair {T, &q) = (^B{H), &n) where &n denotes the set of normal 
states, an ideal host algebra is C = ]C{TC) with the identity map ^ : B{H) — > 

B{n) = M{}C{n)) = £ . 

(2) An important example for physics, is the following. Let the pair {J^, &o) con- 
sists of the CCR-algebra over a finite dimensional symplectic space, and its set 
of regular states. To be more concrete, consider the CCR-algebra on R^, i.e. 
the unique simple C*-algebra generated by unitaries { 5x | x e } sat- 
isfying the Weyl relations: 

5^5y = p(pc^ y)(^x+y , where p(x, y) := exp[z(a;iy2 - X2yi)] ■ 

Define another C*-algebra C as the C*-envelope of the twisted convolution 
algebra, where the latter consists of L-'^(M^) equipped with the multiplication 
and involution: 

f*g{^)^ [ /(y)^(x-y)p(y,x)dy, r(x)=7H0. 

This algebra C is known to be isomorphic to /C(L^(M)) (cf. I.E. Segal [Se]). 
Then JF c M{C) by the action 5x ■ /(y) = p(x, y) /(y — x). The unique 
extensions of states on £ to .F" produce precisely the set of regular states 

&o := {(jU e I X — > (jj{5jc) is continuous } . 

The extension map 9 : &{C) — > &o is injective, since for each e ©o we can 
reconstruct the uj e such that ^(a;) = via the formula 

a;(/):= / /(x)(^(5x)dx 
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for all / e L^(M^). (Put in other words, here T is the twisted discrete group 
algebra for M^, and L is the usual twisted group algebra for M^.) Since 
T is simple, and ©o 7^ '5(-^)7 we see that JF n £ = {0}. Of course £ is 
a far better behaved C*-algebra than T ^ it is even separable. See [Gr] for 
generalisations of this example. 
(3) Let G be a nondiscrete topological group, and denote G equipped with the 
discrete topology by Gd- Let the pair (JF, ©q) be the discrete group algebra 
T = C*{Gd) and its set of states continuous with respect to the topology of 
G (i.e. g — > u){5g) is continuous, where 5g denotes the Dirac point measure 
at g ). When G is locally compact, the usual group algebra C*{G) is an 
ideal host algebra if we use the imbedding C*{Gd) C M(C*(G)) obtained by 
convolution of measures. 
Inspired by this example, we define 
Def. Let G be a topological group, not necessarily locally compact. Then a group algebra 
for it, is any ideal host for the pair {C*{Gd),&o) where 6o denotes the states a; 
on C*{Gd) such that the map g — > u>{Sg) is continuous. 
In [Gr] we took this definition for a group algebra in order to construct a group algebra 
for inductive limit groups. We can also adapt it for covariance algebras. In this paper, 
however, we will not construct any such group algebras for more general groups. 

Next we analyze some structural consequences for the existence of a host for the pair 
(.F, ©o)- We will usually consider the homomorphism ^ : T ^ E as an embedding, to 
save on notation. 

Theorem 1.1. If a pair (JF, ©g) ^as a host C (Z 8, then 
(i) ©0 is a norm-closed face in 

(a) If jC is an ideal host, then the norm-closed face ©o is also invari- 
ant, i.e. if a; e ©0 then ujb ^ &o for all BeT with uj{B*B) = l, 
and where ub{F) := uj{B*FB) for F E J^. 

(Hi) 9 : &{C) ©0 is an isomorphism, i.e. it is affine and a homeomor- 
phism w.r.t. the norm topology. 

(iv) In the case that ©o is the face obtained by extending the states 
from a hereditary subalgebra A<Z T to .F, then L^T = A. 

Proof: (i) Norm closure: We first show that 9 : C* ^ T* is norm continuous. Recall 
that since C is hereditary in £ we have 9{(p){F) := (p{PFP) with P e 
C" C S" D T". Now 

||^(</.)||=sup{|^(</p)(F)| I Fe.F, ||F||<1} 
= sup{\ip{PFP)\ \ FeT, ||F||<1} 

Now we know from Kusuda [Ku] Theorem 2.2 that P£"P — C" since C is 
hereditary, and so 

{ \if{PFP)\ \ FET, \\F\\ < 1 } C { \^{A)\ I A e \\A\\ < 1 } 

and hence, since the supremum of the last set is just ||<^||, we find that 
||^(¥')|| < WfW- Thus 9 : L* ^ T* is norm continuous. By assumption 9 
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is injective on we prove that it is also injective on C* . If it were not, 

there would be ipi & C* such that 6'((/?i — (/92) = 0. Then for i]j:={pi — ip2 do 
a Jordan decomposition, '0 = p_|_ — p_ — //_) and then 6{il))=Q implies 
e{p+ - p_) = = e{iJi+ - //_), i.e. ^(p+) = e{p-) and ^(//+) = 6'(//_). But 
^ is injective on states, so p+ = p_ and p+ = i.e. V = 0- Thus we 
know that 9 is both norm continuous and invertible on C* so by a corollary 
to the open mapping theorem, its inverse must also be norm continuous, and 
hence by Theorem 5.8, p216 of A. Taylor [Ta] we conclude that 9{C*) is norm 
closed. Since &{^) C J-'* is also norm closed (recall that J-' is unital), so is 
0{C*) n &{J^) and as this is just the image under 6 of we conclude 

that ©0 is norm closed. Now (iii) also follows from the preceding. 
That ©0 is a convex set, follows from the fact that 9 is linear and &{jC.) is 
convex, so we just need to prove the facial property. Let u = A(/?+ (1 — G ©o 
where A e [0,1]. We need to show that ip, ip E &o. Since u E &o there 
is a unique ui' e such that u = 6{ui'). By the hereditary property, u' 

extends uniquely to a state uj' on £" (and this extension of course restricts 
to uj on J- ). By definition of P we have that u)'{P) = 1, and conversely, 
given any state 7 on S" with 7(P) = 1 we have that 7 \Ce&{C), hence 
ei'j \ C) = \ e 60. Now = u?'(I - P) = A^(I - P) + (1 - A)^A(I - P) 
where (p, are extensions of </?, ip to £". Thus by positivity of all terms 
in the sum, we conclude that (p, i/j vanish on I — P and hence cp = 9{(p \ C), 
ip = $(^ip \ C). Thus (p, ip e ©0) i-e. &o is a face. 

For (ii) , assume that C is an ideal of S, then we want to prove invariance of the 
face. Let uj = Oiu') G ©o, then clearly uj'q{-) := uj'{B* ■ B) defines a state on 
C using the fact that C is an ideal (here we took BeS with uj'{B*B) = 1 ). 
Thus ©(>C) is invariant, and by the definitions ljb — 9{u)'q) G ©0 because 
extension and conjugation of a state commutes when the projection P in Equa- 
tion (1) commutes with and this it does since C is an ideal, 
(iv) Since C is hereditary in we see that C r\ is hereditary in JF. 
Moreover, the face ©0 C ©(^) is precisely the states which extend from the 
states on £, which are uniquely determined by their values on £ fl by the 
hereditary property. Since ©0 are also the states which extend from A, by 
the bijection between such faces and hereditary subalgebras (cf. Pedersen 3.10.7 
[Pe] and Murphy 3.2.1 [Mu]) we conclude that Cr\T = A. | 

Remarks. (1) It is known that an invariant convex norm-closed set of states ©0 is also a 
face (cf. footnote in [HKK]), so for an ideal host it suffices to say that ©0 is an 
invariant convex norm-closed set. In other words, this says that the cone which ©0 
generates, M+©o, is a folium. We will extend the term "folium" to also mean 
invariant norm-closed convex sets of state spaces. 
(2) Since 6 : &{C) ©0 is an affine bijection, it restricts to a bijection between the 
pure states on C and the extreme points of ©q. This immediately limits the 
class of faces and folia for which hosts exist, because there are many folia without 
extreme points, e.g. the folium of normal states of L°°(M) (measures absolutely 
continuous w.r.t. the Lebesgue measure). We will sharpen this observation below. 
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Note also that as 6 involves both an extension and a restriction, it need not a 
priori take pure states to pure states. Since is generated as the w*-closed 

convex hull of its pure states, we can use 6 to transfer this weak*-topology to ©o 
(but this is different from the weak*-topology of ^), to conclude that w.r.t. this 
topology ©0 is a compact convex set, hence via Choquet theory, there are integral 
decompositions of states w.r.t. measures on ©o- In the next section we will exploit 
these decompositions. It would be nice to have some intrinsic definition of the w*- 
topology induced by 6 on ©o but we do not have this yet. 

Theorem 1.2. Let f C (^*)+ be a folium. Then it is the set of normal positive forms 
of the von Neumann algebra 7r(jF)" where n = (B n^. Conversely, 

the set of positive normal forms of any von Neumann algebra is a folium. 
Proof: See Haag, Kadison, Kastler in [HKK]. | 

This is quite useful, in that any folium can now be analyzed as the normal state space of 

some concrete C*-algebra. 
Remark 1.3. For later use, we need to know about projections associated with faces and folia. 

Start with a pair (JF, ©o), where by Theorem 1.1 we now assume that ©o is 
a norm-closed face. Corresponding to this, we know from Pedersen 3.6.11 [Pe] that 
there is a projection P e which we now show how to construct. (To use Pedersen 
3.6.11, we need to know that a norm closed face ©o generates a cone M+6o which 
is norm-closed and hereditary and in (J-'")*, but it is quite straightforward to verify 
this). First define 

r:= {^e (J^")* I \<p\ eR+©o}, 

and this is in fact a left invariant vector space, by the proof in Pedersen 3.6.11. Then 
its annihilator P-*- C J-'" is a cr-weakly closed left ideal, hence P"*" fl (P-*-)* is a 
weak-operator closed hereditary subalgebra of JF". If we denote its unit (which is a 
projection in J^") by Q, then the desired projection we want is P = 1 — Q. To 
recover ]R+6o from P, we just take the set of </? e i^'J)+ = such that 

ip{P) = 1. 

In the case that ©o is a folium (i.e. also invariant), we find that P is a two-sided 
invariant space, hence P-*- is a two-sided cr-weakly closed ideal. It then follows 
from Pedersen 2.5.4 [Pe] that its unit Q e JF' n J^", and hence P e D T" . 
An obvious method by which one may think one can construct a host algebra, is to 
take the algebra L := C*{PTP) C T" . Whilst this is certainly hereditary in T" , 
and the states which uniquely extend from C to £ C*(£UJF) c T" will satisfy 
a;(P) = 1, this is not enough to guarantee that their restrictions to T will be in 
©o- This is because given a (/? e ©(JF), one can only conclude that <^ e ©o if its 
norma/ extension to T" satisfies ^(-P) = 1, and whilst for an a; e ©(^) which 
extended from one on L we have c<;(-P) = 1, we do not know that u is the 
normal extension of its restriction u) \ T . Thus Q may not map onto ©o for this 
choice C By the previous remark we know there are folia without hosts, so that we 
know the above procedure must sometimes fail. 
From Takesaki Prop. 2.17 (pl29) [Tak] we know that if X is a closed two-sided ideal 
of ^, then TriX)" = 7r{A)" for any representation tt which is nondegenerate on X. 
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This implies that if we have an ideal host C <Z S for ©o), then 7r(£)" = i^iS)" 
for the representation tt = tt^. This fact leads us to suspect that 7r(£)" = 7r(J^)" 

and this is what we now want to prove, but we need a lemma first. We use Pedersen's 
notation [•] for "closed linear span." 

Lemma 1.4. Let [T^ ©o) iave an ideal host £ C and let tt : £" — > B{H) be 
a representation. Let He be the essential subspace of 7r{C). Then for 
any vector O, e Tie we have 

[7r{C)n] = [7r{J^)n] . 

Proof: Denote Hq := [7r(>C)f2] and ttq := tt |~ Hq, then due to the fact that 
C is an ideal host, Trn extends uniquely on the same space Tiji to JF. 
Hence [7r(.7-')ri] = [7rf2(.7-')ri] C Tin — [^(^)^]- We prove the reverse inclu- 
sion by contradiction. Assume it is not true, then there exists some nonzero 
e [7r{C)n] C Tie such that V ^ [^{^)^- We have 

7r(J^)V' ± TT{J^)n (5) 

because (7r(A)V', 7r(S)0) = (•0, 7r(A*S)n) = for all A, B e . 
Normalise: = 1 = ||0|| and choose a, /? e C such that lap + = 1 

and a ^ ^ P and define: 

u^{A) :=(V', n{A)i;) , lo{A) := (O, 7r(A)0) . 

Now since (/? G Tie, is nondegenerate on £, hence 9{ujtp |" £) = a;^, |~ .F 

and so for all A & T we have: 

e{uj^){A) =uj^{A) = (an + /3i;, 7r{A){aQ + Pi;)^ 

= \a\''u;{A) + IPl^Lo^iA) = Xu;{A) + (1 - X)u;^{A) 

where we made use of the orthogonality (5) and we have set A := jap e (0, 1). 
Thus 

^(a;^) = ^(Aa;+(l-A)a;^) . (6) 

However, for an element L e C we cannot use the orthogonality (5), and so we 
get 

uj^{L) = \lo{L) + (1 - X)u^{L) + a(3{il, 7r(L)V') + a^{il;, 7r(L)n) (7) 

We show that the last two terms can always be made nonzero by some choice of 
L. If this were not the case, they must be zero for all L = 'jR where 7 e C, 
R — R* E C Then we have for the last two terms of Equation (7) that 



2Re[a/97(V', 7r{R)n)] = 
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for all 7 and i?, i.e. (V', 7r{R)n) = for all R = R* e C. However, C 
is spanned by its selfadjoint elements, thus ip ± 7r(£)r2, and so 

and thus i/j — which is a contradiction with our initial assumption. Thus the 
last two terms of Equation (7) are nonzero for some L, i.e. on C we have 

^ Xu + {1 — X)u^ . 

This, together with Equation (6) contradicts the assumption that 6 is injective 
on &{C) . Thus our initial assumption is wrong, so 

[7r(£)n] C [7r(jF)0] , and in fact we have equality [7r(£)0] — [7r(jF)0] . | 

Remarks. (1) Until now, we have used the standard notation J^" for the universal von Neu- 
mann algebra of (not unique for concrete C*-algebras). To avoid confusion in 
subsequent arguments, we will sometimes explicitly indicate the universal representa- 
tions, and our notation is that tt^ : JF B{l-Lj^) is the universal representation of 
JF, i.e. TT^ = © TTo; and = 7r^(^)". Note that when C is an ideal host 

for (J^, ©o)) then tt^ extends uniquely on the same space to a representation of 
and this implies that tt^ of is a subrepresentation of tt^. 
(2) One may try to generalise this lemma away from ideal hosts to hosts, in which case 
we suspect that for any vector Q, ^Tie we have 

However, the proof so far eludes us. If one starts as in the proof by assuming some 

nonzero if) G [7r(£)ri]^[7r(jF)0], then tl) = ipQ -\- ipi where ipQ G ['k{T)VL] _L -01 

but we may have that if^i ^ Tie, even though -0 e Tie, and this causes problems. 
Now we are ready to prove: 

Theorem 1.5. Let {T ^ So) iave an ideal host £, then 7r^{J^)" = tt ^{C)" (= C") 
where we use the same symbol tt^ for the unique extension of it from 
C to C" D M{C) D T. 

Proof: In B{Hc) let A G 7r^(£)' and let B E J-', and recall that 7t^{B)'iIj = 
limir f (BE ct)il^ for all -0 G He and any approximate identity {Ea} of C 

a 

Thus for all iIj G Tic we have 

[A, 7T^(B)]iP = lim [A, 7r^{BEa)]ip = 

because A G n^{Cy and C is an ideal. This is true for all B e J^, and so 

We now prove the reverse inclusion, and we do it by contradiction. Assume 
that 7r^{J^y 7^ 7r^(>C)'. Then since von Neumann algebras are spanned by their 
projections, we can find a nontrivial projection P G tt ^{!Fy\K ^{Cy (otherwise. 
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if all the projections of 7r^(^)' were in 7r^(>C)' the algebras would be equal). 
Recall that tt^ = tt^ , so there must be some state in &{C) , say (jJq , 

such that 

[7r^ijC),P]P^,j^0=[7r^iJ^),P] (8) 

where P^^ denotes the projection onto the subspace Hujo C He of the sub- 
representation TTuiQ '■ C — > B{TCujq). Let QuiQ be the normalised cyclic vector 
for this representation. We claim that 



If PQ^^ = 0, then 

0= [7T^{j^)pn^,] = [P7T^{j^)n^,] = [P7T^,{j^)n^,] ^ph^, 

where we made use of Lemma 1.4, that Q^j^ is cyclic for ^^^^^{J^). But if P 
annihilates TCujo ; must commute with tt^ (jC) on Tii^^ , and this contradicts 
Equation (8), hence POt^o 7^ 0. 

Similarly, if (I — = 0, then by the same argument (I — P) commutes 

with n^{C) on TY^^q, hence so does P. So, also (I — P)^^^^ 7^ 0. Thus we 
can write: 



= a ■ Qp + P ■ Qp± where: 



ipi^^jr " 11(1 



t^o I 



and where \a\'^ + = 1 and a ^ ^ p. Adapting now the proof in 
Lemma 1.4, since we have that [7r^(.F), P] = we find for all A e T : 

uJo{A) = Xujp{A) + (1 - X)ujp± (A) where: 
ujp{N) = (Op, 7r^(iV)0p) , and 
u;p±{N) = {np±, n^{N)np±) , 

and we set A := lap. That is, we have 

e{u;o)=e{XiOp + {l-X)iOp±) . (9) 

Now for an L e C we have similar to before: 

ujq{L) =(aQp + pQp±, 7r^{L)(aQp + /30px)) 

=Xojp(L) + (1 - X)ojp±(L) 

+ al3{Vtp, 7r^(L)0px) + ap{VLp^, tt^{L)VLp) . (10) 
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We prove that we can always find an L & C to make the last line nonzero. If 
it is always zero, it is zero for all L = where 7 e C and R = R* E C 
Thus 

2Re[a/37(Op^, 7r^(i?)0p)] = V7eC, R^R*eC 

and thus (Op^, 7r^{R)flp) = for all R = R* e C. But C is spanned by 
its selfadjoint elements, and so 

{Clp±, 7r^{jC)flp) = i.e. 7r^{jC)flp J- 7r^{jC)flp± . 

Thus Tv^{C) restricted to [k^{C)Qp](B[tv^{C)Qp±] decomposes into two cyclic 
representations 7rp©7rp-L. Since Qp is cyclic for 7rp(£), by Lemma 1.4 it 
is also cyclic for ttp{T). Thus, 

[7r^(£)i]p] = [ir^imp] = [^A^)P^] = [P^A^M = ^^-0 

and likewise we get [7r^(£)npi] = (I — P)Hu;o- So for all L e JC and A e 
we have 

PTT^{L)TT^{A)n = Pn^{LA){anp + /30px) = «7r^(LA)l)p 
= 7r^{LA)Pn = 7T^{L)PTT^{A)n . 

Thus [P, 7r^(L)]Pt^Q = for all L e C. But this contradicts Equation (8), 
hence the last line in Equation (10) is nonzero for some L e C Thus 

a;o 7^ Aa;p + (1 — A)a;p_L 

and this, together with Equation (9) now contradicts the assumption that 6 is 
injective on Thus, the initial assumption was wrong, and we conclude 

TT^iCy = 7r^{J^y, and hence 7r^(£)" = 7r^(J^)". | 

The unique extension of tt^ from £ to is of course just the representation 
''''e •~ © £ R'ep(.7-'), using the definition of an ideal host. 

Corollary 1.6. Let Af be a von Neumann algebra, and let So be its set of normal 
states. If C is an ideal host for the pair {J^, &q), then 'Kq^{M) = C" 
and hence 7rg^^(A/') contains C as an ideal. 

Proof: Recall the embedding J\f C M(£) C C" . Note that Hue ©(£), then the 
unique extension of tt^ to N is (unitarily equivalent to) 'no[uj)i and this we 
see from 

e{u){N) = limuj{NEo,) = lim{Q^, 7r^{NEa)noj) = {^oj, ^a.(A^)^^u;). 

a a 

Thus, recalling that the universal representation of £ is tt^ = tt^^ and 
that 9{&{jC)) = &o, we conclude that the unique extension of tt^ to jV is 
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TT^ t = T^uj = Ti'g • Thus TTg On M is a normal representation, and 
so 

^eo(-^) = ^eo(-^") = ^eo(-^)" = ^" 
where we used Theorem 1.5 for the last equality. | 

Corollary 1.7. If C is an ideal host for a pair (JF, 6o), then 9 : &{C) ^ &o maps 
the pure states of L to pure states on T. Hence all extreme points of 
&o are pure. 

Proof: By Theorem 1.5 we have TTeoi^)" — '^&oi^)"- Let u>o G &o, then since 
Ti'eo = © TT^^) we have that the restriction map R : ttq^^T) — > tt^^{T) by 

R{'Keo{F)) := '^^^{F) for all F ^ T is a normal *-homomorphism, hence it 
extends to TTeoi^)" = '^ci^)" and so 

Or to be more notationally precise, = 'Kq-i(^^^-^{C)" . Now 6 is an 

aflfine bijection, so it restricts to a bijection between the pure states of 
and the extreme points of &q. If (p is a pure state on £, then B{7i,p) = 
7r(^(£)" = 7r5)(^)(jF)", i.e. 9{ip) is also pure on J^. | 

This last corollary now severely limits the class of folia for which ideal hosts exist, indeed, 
we can quickly prove many obstruction theorems, e.g. the next one. 

Corollary 1.8. If J\f is a simple factor and &o is its folium of normal states, then 
there is no ideal host for the pair (A/", ©o)- 
Proof: it suffices by Corollary 1.7 to observe that ©o contains no pure states. For if 
an a; e ©0 were pure, then using the fact that tt^j is normal, we see that 
T^Loi-^) = T^Loi^f^)" = Bi'Hto). Since M is simple, tIuj is an isomorphism hence 
M = B{Ti.uj) and the latter is not simple. This is a contradiction, so ©o has 
no pure states. | 

Remarks. (1) Thus, since we know from Kadison and Ringrose 6.8.4 and 6.6.5 [KR], that every 
finite factor and each countably decomposable type III factor is simple. Corollary 1.8 
shows that there are many von Neumann algebras for which there is no ideal host for 
its normal states. From Corollary 1.6 we see that we can only expect ideal hosts for 
a von Neumann algebra which has a norm closed proper ideal which is weak operator 
dense. If is a C*-algebra, but not a von Neumann algebra. Theorem 1.5 just 
tells us that we should be looking for an ideal host C in the von Neumann algebra 
TTg^ (J^)", but by Corollary 1.7 we also know that this may fail, unless all the extreme 
points of ©0 are pure. 
(2) Theorem 1.5 states a "weak" uniqueness, in that it claims that all ideal hosts for the 
same pair must have the same universal algebra 
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Theorem 1.5 also tells us where all ideal hosts reside, viz L C C B{T-Ceo)j 

and we can make this even more precise: Since C is an ideal host, &q is a folium, 
and so for the projection associated with &q we have P E J^'ClJ^" (cf. Remark 1.3) 
and &o — [u G | '^{P) — 1 } where u denotes the normal extension of to 

from to J^". Thus in tt^ we have P^oj = for all ^ £ &o, hence by 
P e J^' n T" we see PFVt^ = FVt^ for aU F E T" . Thus P is the projector 
onto H.^ = Tieo hence P'Kj^{T)" = tt^ (.?^)" and so we conclude 

from P e :r" that 

C^^^^{r)"^^^{T)" = T". (11) 

(3) Since for an ideal host C for a pair (JF, ©o) we know by Theorem 1.5 that ^(J?^) C 
M{C) C = 'Kj^{T)" , we conclude that the embedding ^ : — > M (£) is precisely 
TT^ \ So ^ is faithful iff 7r~ \ T is faithful iff for each F e we have 

So ' ^ So ' 

uj{F) ^ for some uj G ©q- 

(4) We can easily adapt the proofs of 1.4 and 1.5 to prove a Stone- Weierstrass theorem for 
von Neumann algebras, i.e. if a von Neumann algebra contains a sub-von Neumann 
algebra which separates its normal states, then they are equal. However, this fact 
has also a very short proof via the bipolar theorem (Private communication with 
R.Longo). 

(5) By Corollary 1.7 we can also find topological goups which have no group algebras 
(i.e. ideal hosts for the the pair (C*(Gd),6o) where ©o are states oj for which 
g ^ (jj{5g) is continuous). For example, let G = L°°(]R) with the group oper- 
ation being addition, and with the strong operator topology w.r.t. its representa- 
tion as multiplication operators on L^(M). Then there is a topological isomorphism 
L°°(M) = C(]Rs) where is M compactified and endowed with a suitable hy- 
perstonean topology (cf. proof of Theorem III. 1.18 [Tak], or Theorem 2.1 below). 
Any irreducible representation of G must be a character, hence point evaluation on 
C(Ms), and this cannot be continuous w.r.t. the strong operator topology, because 
points are still of measure zero w.r.t. the extension of the Lebesgue measure to Mg . 
Thus the folium ©o of states of C*{Gd) which are continuous w.r.t. the topology 
of G contains no pure states, hence by Corr. 1.7 we conclude that G has no group 
algebra. 

To conclude this section, we would like to make precise the relation between the 
representations of a host C for a pair (JF, ©q) and the representations of JF. Denote 
the normal representations of ''^Q^i^) by R-ePg ^- By Theorem 1.5 we know that 
C" C 7rg^(jF)", hence for each tt G Rep^ we can construct a representation A(7r) G 
Rep>C by first extending tt via strong operator continuity to a representation tt G 
Rep(7rg^(.F')"), and then defining A(7r) as tt \ C restricted to its essential subspace. 
This produces a map A : Rep _ — > Rep £. 

So 

Theorem 1.9. If C is an ideal host for the pair (JF, ©q), then the map A : 
Rep^ JF — > Rep C is a bijection which takes irreducible representations 
to irreducible representations. In the case that C is merely a host, A 
is a bijection modulo unitary equivalence. Its inverse is via inducing of 
representations;- A~-'^({7r}) = {lnd£(7r)} where {■} denotes unitary 
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equivalence classes, and the induction is done via the right jC-rigged left 
J^-module M. := [J-C\ C 8 with rigging map {u, v) := u*v e C for 

all u, V e M. 

Proof: If C is an ideal host, C" = 7rg^(jF)", and now as both C and ''^Q^^i^) 
are strong operator dense in C" , it is obvious that each uniquely determines a 
normal representation, and so the proof for this case ends here. 
For the case of C just a host, let (tt, H) G Rep^ JF, so A(7r) is yf f £ 
restricted to its essential subspace [tc{C)7{\. Now for our proof, we will first 
construct Ind£(A(7r)), show it is unitary equivalent to tt, and then show that 
every tt G Rep^ is unitarily equivalent to some Ind;^(7), 7GRep£. Fol- 
lowing Fell and Doran XI. 4. 12 [FD] or Rieffel [Ri], consider the right >C-rigged left 
.F-module 

M := [J^C] C £, {u, v):=u*veC W u, v e M 

where we used the fact that C is hereditary in £ to conclude u*v G C 
Since C is a C*-algebra, every representation of it is inducible via A4 (cf. 
XI.4.12 [FD]). Now construct p = Ind;^(7) G Rep (.F) as follows. On M®H 
define a pre-inner product (•, Oo by 

{s®^,t® ri)^ := (7((t, V) = h{t*s)^, rj) (12) 

and define from M^H the Hilbert space 



K, :=M®7i/Ker(-,-)o 

where closure is obviously w.r.t. (^Oo- Denote the image of an elementary 
tensor s ® ^ in /C by s(H)^, and define the representation p : T ^ B{]C) 

by 

p{F){s ■■= Fs ^ C \/ seM, ^en, F eJ^ . 

If we let 7 = A(7r), then Equation (12) becomes 

(s(8)e, := (^(s)e, ^(t)//) 

and so we can identify /C with the subspace ['jr{M.)T-C] = [7f(jF£)?i], via the 
unitary C/(s ® ^) := 7f(s)^. Moreover we have for all s ® ^, t ® rj that 

{p{F){s ^0,t^v) = {Fs^^,t^rj) = (^(Fs)e, n{t)rj) 

= (7r(F) • ^(s)e, mv) 

and so (p, /C) is unitarily equivalent to tv \ J-' on [7t{A4)T-C]. Now appli- 
cation of Lemma 1.10 (proven below) to tt G Rep£ implies that we have 
H = [7r{M.)H] iff TT G Repg JF, and the latter is what we assumed at the 
start. Thus p is unitarily equivalent to tt. Furthermore, we see above that the 
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induction process produce representations tt such that Ti. = [7f(Al)7i], hence 
the image under induction via Ai of Rep>C is Rep^ using Lemma 1.10 
again. | 

Lemma 1.10. A representation (tt, Ti) e Rep £^ satisfies H = [K{Ai)H] iff tt \ is 
normal with respect to T^Q^i^)- 

Proof: Let V, = [tt{M)T-L] and choose a normahsed vector if) e 7r{jC)H., i.e. 
ip = 7r(L)^, — 1. Let denote the associated vector state on 6, 

then since \\uj^ |~ £|| = 1 and C is hereditary, it is everywhere determined on 
£ by its values on C Thus \ — 6{u!^ \ C) E &o C {'^Q^i^)) ^- Since 
the normal functionals of any representation is a folium, hence invariant under 
conjugation, we conclude that also a;^(F)V' \ ^ — ^■K{FL)e, ^ ^ (^eo^*^))* 
all L e £, F & T and ^ & H, i.e. <^7r(:F£)7i ^ ^ i'^&o^'^^) *' Since by 
assumption tt{J-'C)H spans a dense subspace of it follows from Kadison 
and Ringrose 7.1.15 [KR] that n \ J-' is normal with respect to Ti^g^l-^)- 
Conversely, let tt \ be normal with respect to T^Q^i^), and assume that 
H 7^ [k{M)H], i.e. there is some ip _L [7r{J^jC)H]. First, we show that 

\ T ^ {'^Qgi^))^- If not, then 9~^{u!^ \ !F) e i.e. the normal 

extension u)^ to J^" restricts to a state on C Since this normal ex- 
tension on £ is just uj^{A) = ('0, 7r(A)'0), we conclude from the given 
ip L [n{J^C)H] D 7v{C)ip that uj^{C) = 0, which contradicts the fact that 
it must be a state on jC. Thus u-^ \ ^ i'^&o^'^^)* ' ■'^^^ ^® know by the 
first part that ^■n:(^j^c)'H ^ ^ (^So^"^-^)* ' ^^^^ since the normal func- 

tionals is a norm-closed folium, we have ^yT^(^j^c)'H\ ^ ^ (^So^*^-')* ' since 
7i = CV'© [7r(jF£)7i] it is impossible to find a dense subspace S CH such that 

\ J-' E i'^Q^i^))^ foi" ciU (fi E hence by Kadison and Ringrose 7.1.15 [KR] 
TT \ T cannot be normal w.r.t. (JF). This contradicts our hypothesis, hence 
n=[7r{M)n]. ° I 
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2. Ideal hosts up to a central algebra. 

Above we saw that a pair [T ^ ©o) with ©o a fohum without pure states, has no 
ideal host. A particularly bad case of this, is the pair (L°°(X, /i), ©at) where has 
no discrete part, and where ©at denotes the set of normal states, i.e. the measures 
absolutely continuous w.r.t. \x. In this case ©jv does not even have extreme points, 
because for any measure v absolutely continuous w.r.t. /x, we only need to subdivide 
its support to write it as a convex combination of other probability measures in this 
class. Only when supp(z^) is a point can we not do this, and this case does not occur 
since [i has no discrete part. In this section we want to argue that this example is 
symptomatic of the general case, in that if a pair {T ^ ©o) has no ideal host, it is because 
(L°°(X, ©jv) is embedded in it, and it acts as an obstruction. To be precise about the 
embedding, we will show that for any pair [T ^ ©o) with ©o a folium, we can always 
find a quasi-host L in the sense of the next definition: 
Def. Given a pair [T ^ ©o) where ©o is a folium, a quasi-host for it, is a C*- 
algebra C and two embeddings JF c M{C) and L°°(X, //) C ZM{C) 
for some measure space (X, n) such that ©^^ f JF = ©q where ©^ := 

I cu G &{C) I uj \ L°°(X, is normal | and moreover, 

©^ f C*(JF U L°°(X, ^,)) defines an injection for ©^. 
We will show that the given pair (JF, ©q) has no ideal host if the measure fi is purely 
continuous. This is what we mean by saying L°°(X, n) acts as an obstruction. 
Example. Consider the von Neumann algebra = L°°(X, /x) ® B{H) acting on the Hilbert 

space L'^{X, fj,) iSiH, where ® denotes the W*-tensor product (cf. 11.2 [KR]). 

Its pure states consists of product states ui ® C02 such that Wi are both pure. 

Thus, if we take the pair (JF, ©q) where ©0 are the normal states of JF, and 

assume that // has no discrete part, then ©o has no pure states, hence this pair 

has no ideal host. Nevertheless, the algebra C = L°°(X, n) (g) 1C{H) is a quasi-host 

for (JF, ©0). 

To start the analysis, let (.F, ©0) be a pair with ©0 a folium, then by Theorem 1.2 we 
construct the representation ttq^ = ® t^uj ^ind identify ©0 with the normal states of 

the concrete algebra 7reo(.F'), hence with the normal states of the von Neumann algebra 
tiqq{J^)" . We first analyze a single cyclic component tt^, u; G ©0 of the direct sum. 
We denote the von Neumann algebra 'n^{J-)" by A/", and its set of normal states by 

©AT. 

Central to the following constructions, is the usual decomposition theory with respect 
to some commutative subalgebra C C N' (cf. Takesaki [Tak]), however, since the maps 
involved are only defined up to /i-ncgligible sets on some measure space (X, /x), and we 
will actually need everywhere defined maps, we now redo some of the basic constructions 
in order to remedy this. 

Theorem 2.1. Let JF be a C*-algebra with a fixed state uj G ©(.F), and a commu- 
tative unital C*-algebra C C 7rt^(jF)', then the GeVfand isomorphism 
$ : C" — > L°°{X, ji) equips the spectrum X of C with a probabihty 
measure fi, supp/x = X, and there is a map ip : X ^ *3(C') such 
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that 

(i) the map x ^ tlj^{A) is in L°°{X, n) for all A e C , and if C 
is a von Neumann algebra, x i(^x{A) is in C{X) for all A & C' , 

(ii) uiA) := (O^, An^) = ijx{A) di^{x) y AeC, 
(Hi) ■ A) - ^C){x) ■ MA) yCeC" , AeC. 

Proof: (This proof is based on Takesaki 6.23, p241 [Tak]) 

Since il^ is cyclic for 'Ki^{T)^ it is separating for C and C" , so uj\C is a 
faithful state of C. Thus by the Riesz representation theorem there is a Borel 
measure jj, on the compact set X such that 

25(C) = / $(C)(a;) dn{x) , C eC 
Jx 

with $ : C — > C{X) the Gel'fand isomorphism. Moreover ^ is a prob- 
ability measure since a;(I) = 1 and supp// = X because cD is faithful. 
Since separates C, we can consistently define a unitary U : [Cfl,^] 

L^{X, ji) by U{Cfluj) '■— ^{C) which produces the representation ^ : C — > 
B{L'^{X, ji)) by ^{C) •.= UCU~^ = T^^^^ in terms of multiplication operators 
{ T/ I / e C{X) } . Since unitary conjugation is a normal map, 6 extends to 

C" C 7r^(.F)' and $(C)" = $(C"), i-e. $(C") = { T/ | / e L°°(X, /x) } . If 
C is already a von Neumann algebra, this simplifies to 

[Tf I f eC{X)]^^C)^^C)" ^{Tf I /eL-(X,/x)}, 

so for each / e L°°{X, //) we can find a / e C{X) such that Tf — Tj on 
L^(X, /i), producing the isomorphism C{X) = L°°{X, fx) (this isomorphism 
also occurs in the proof of Theorem III. 1.18 [Tak]). Henceforth we will blur the 
distinction between $ and $ and always make the identification with C{X) 
if C is a von Neumann algebra. 

Let e be the projection of Hu, onto [C^l^] = [C"^^] , then e E C because 
C preserves [CCl^] . Define T : C" ^ B{[Cn^]) by T(C) := eC , then 
T{C") = eC" is maximally commutative in i3([Cntj]) because it has a cyclic 
vector Vl^ , cf. Takesaki Corr. 1.3, pl04 [Tak]. Moreover T is injective 
because O^^ is separating for C" . Now (eC)'[[COt^] = eC'e C B{\CVtJ\) 
(easily verified, but also in Takesaki 3.10 [Tak]), hence eC'e C eC" because the 
latter is maximally commutative in B{[CQ,iJ\) (also by Takesaki 3.10). Define 
5:C'^T{C") by 5(A) := eAe G e . Clearly 5(1) = e and 5 is positive 
and extends T . Next define ij) : X ^ &{C') by 

^,(A) :=$(T-i(5(A)))(x) 

and note $(T~^(5(A))) is in L°°{X, /j,) , so ip is defined //-almost every- 
where, and if C is a von Neumann algebra we can identify ^{T~^{5{A))) with 
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an element of C{X) in which case i/j is everywhere defined. By positivity and 
normahsation of the various maps each ip^ is a state. Now 



Jx 



X 

oj{A) = {^^, A^^^) = (n^j, eAefl^) using eO^- = 

= {n^, s{A)n^) = {n^, T-\s{A))n^) 
'ir-\siA)))= [ MA)dfiix). 

Jx 

For (ii), observe that for C e C" , A e C we have 

MC-A) = $(T-i(5(CA)))(x) = ^{C){x)-MA) 

simply using the fact that $, and 5 are homomorphisms and by defini- 

tion T-i((5(C)=C for CeC". I 

Remarks. (1) A very important point here is that for C a von Neumann algebra, ip : 
X — > ©(£') is everywhere defined. This comes from the identification which $ 
makes between C{X) and L°°{X, ji). The spectrum X of C in this case 
is of course hyperstonean hence extremely disconnected (cf. [Tak]). 

(2) Note that no separability assumption was needed here. 

(3) The map ifj and measure produces precisely the orthogonal barycentric 
decomposition of uj used in decomposition theory in e.g. Takesaki [Tak] or 
Bratteli and Robinson [BR] . One uses V to write as a measure on the state 
space 6 {T) . 

(4) By restricting u) and ip^ to any subalgebra of C (e.g. 7r^(.^) or 
T^oji^y ), we obtain a decomposition theorem for states on these. Note that 
the usual theory assumes that C is a von Neumann algebra. 

Def. Given the data J-', u>, C of theorem 2.1 assume that C is a von Neumann algebra 
with subsequent map if; : X ^ ©(C) and define the following two bundles on X : 

• H(V') is the bundle with projection p : T-Cii/j) X by p~^(x) = H^ , 

• B{ij) the bundle with q : B{i)) X by q-^{x) = B{n^J . 

At this point there is no topology, so the total spaces of these bundles are just the unions 
of their fibres. Clearly the sections V{B{il:)) act pointwise on the sections r(7i('0)) . 
Now there are some canonical families of sections: 

• n G r(?i('i/')) is the section Vt{x) := , 

• n(A) G r(i3(V)) is the section U{A){xf:=7r^JA) , A e C . 
Clearly the latter specialises on C to 

• U{C){x)ip = ^{C){x) ip yipen^^.CeC. 
Let c = U{C)n , d = U{D)n with C, DeC , then 

(c(a;), dix)) = (niCMx), UiDMx)) = MC*D) 
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which is a continuous function in x by theorem 2.1. Obviously Il{C')fl is a linear 
space, and wc have that x (c(x), d{x)) is continuous, hence integrable (since X 
compact, n a probability measure) . Thus can equip n(C')n with the inner product 

(c, d) := / {c{x), d{x)) dn{x) . 
J X '^■^^ 

and hence form the Hilbert space 



Hr := n(CO^^/Ker(-,-) 
with factorisation map k : Il{C')Q, TYr • 

Theorem 2.2. n(C') lifts through k to define a representation tt : C ^ B{Hr) ■ 
Then k,{Q) is cyclic for n{J-') , and there is a unitary U : Tiuj 
Hr which intertwines the representation (tt. , , Q-) of C with 
(tt, Hr, K{n)) . 

Proof: Obviously n(C') preserves Il{C')0, ;- we show that it preserves Ker(-,-) . 
Let (p = U{A)neKeT {■,■), i.e. 

= \\ipf = / {n{x), n{A*A){x)n{x)) d^i{x) = I iPx{a*a) dii{x) 

Jx Jx 

Thus 'ipx{A*A) = by positivity and continuity of this map. Let B e C , 
then 



|n(S)^||2= f i;,{A*B*BA)dii{x) 
Jx 



By the Cauchy-Schwartz inequality ijjxiA*B*BA) = using 
ipxiA*A)=0 . Thus Ii{B) preserves Ker(-,-) and hence lifts through k . 
To show that k(0) is cyclic for n(jF) , assume the converse, i.e. there is a 
sequence {v?n} C n(C')0 converging with respect to the seminorm := 

1/2 

[/x ll'^(^) ll-Hv, d,ii{x)\ and {Lpn,Yi{T)VL) ^0 as n — oo , but Hv'nll 

does not converge to zero. (This means there is some nonzero G Tir which 
is orthogonal to ). Let <^n = n(^„)Sl, ^„ e C, then 

{^n.Tl{B)Q)= I i;xiKB)dfiix) = {Q^,A*^BQ^) 
Jx 

= {AA,BQ^) ^0 VSe7r^(J^). 

However is cyclic for 'k^{!F) in 7^^^, hence ^n^w and so since 

||<^n|p = ll^nfit^lp — s> , we have contradicted the hypothesis, so k{^) must 
be cyclic for n(J^) . Now since 

(n^, An^) = Uj{A) = / i^xiA) dii{x) = (n, n{A)n) 

Jx 
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the unitary equivalence follows from the GNS-theorem. | 

Remarks, (i) Since (tt^, is the representation in which C is defined, 11 is 

an isomorphism. 

(ii) We can realise vectors ^ e Hr as sections x ^ ^{x) e (almost every- 

where) such that 

(C,0)= / {^{x), (l>{x))H^^dii{x), 
Jx 

but we will not need it here, so omit it. 
Def. Let C e ^{C')^ C TiU^il))) and define a section A^^^ e T{B{ij)) by 

{A c)ix) := ^(x) {Cix), cix)) V c e r(7^(V^)) . 

Lemma 2.3. yl^ ^ preserves Il{C')0, and Ker (•, •) , and is bounded on these 
spaces, hence defines an operator A ^ & B{7ir) by A ^^(r/) := 
k(A ,7]) for r] e n(C')^^ • ^' 

Proof: Let ip = U{A)n , C = U{B)n , rj = U{C)n , A,B,CeC', then 

= n(T-^(5(S*C))A)17(a;) 

where we used the fact that T-^{S{B*C)) e C" = C and theorem 2.1. Thus 
A^ ^T] e n(C')f2 . That yl^ ^ preserves Ker(-,-) will follow from the next 
calculation as well as the remaining claims. Since by theorem 2.2, K{fl) is cyclic 
for 7r(jF) , it suffices to do the calculation on Il{J^)^l , so now let rj = n(C)ll , 
C e n^iJ^) . Then 

J \MB*C)\'MA*A)di,{x) 

< f MB*B)-MC*C)-MA*A)d^i{x) 
Jx 

< \\Af\\BfJ MC*C)dfx{x) 
= \\Af\\Bf\\vf- 



Define the norm ||a|| = sup ||a(x)|L.^ x on the space of bounded sections: 
rQ{B{ip)) := { a G T{B{'ip)) | ||a|| < oo } which makes it into a C*-algebra. 
Lemma 2.4. { \ ^ \ <P, C ^ U{C')n } C ro(B(V')) • 
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Proof: {A c){x) = cp{x){C{x),c{x)) for c e r(7i(V')) , hence 



A^^^c){x)\<Mx)\\-\\Cix)\\-\\c{x)\\, and 



\\A II - sup (llv^(x)ll ■ ||C(a:)||) = sup (mA* A) ^B* B))'^^ 
< \\A\\ ■ \\B\\ < oo 

where we assumed (f = 11(^)0 , ( = Il{B)Q . | 
Using the C*-operations of To{B{ijj)) , we now define 

C:=c*[\^ I ^,Cen(cOi^}croTO)). 

Theorem 2.5. With^the data JF, C — C" above;- 
(i) C{x):={a{x) \ a e C] = 1C{H^J 
{ii) U{C')£ C £ D £ n(C') aiid [A^ n(C)] = , 
(iu) jC lifts through k to deGne a representation 
p : C^BiUv) ■ Thus by (ii) p{C) C 7r(C') . 
Proof: ii) In a fibre we have \\A^^^{x)\\^^^^ ^ = \\ip{x)\\-\\C{x)\\ so \^(^{x) is con- 
tinuous in ^{x) , C,{x) , and thus the norm closure of | ip, ^ G n(C')0 j 

contains all rank one operators, using the fact that (n(C')n) (x) is dense in 
. Since /C(H^ ) is spanned by its rank one operators and closure in a 
supremum norm produces pointwise closure, we get that C{x) = JC^H^ ) . 
(ii) Let (f = U{A)n , C = ^{B)n , then for E e C : 

{n{E)A^^^c){x) = 7^^jEA)n^^ ■ (7r^^(S)0^^ , c(x)) 

= {A^ ^ c) (x) where ^ := U{EA)Q . 

So Il{E)A^ L Similarly A^ ^Il{E) e £ , and as A^ (^{x)* = A^ ^{x) it 

follows that ' Tl{C')C C £ D CTl{C') . To see that [£, n(C)'] = , let 'f eC , 
so 

{A^^^U{F)c){x) = ^{x) (C(x), U{F)c{x)) = cp{x) (C(a:), $(F)(x)c(x)) 

{in) By lemma 2.3 we already know that A^ ^ lifts through k, , so since 
lifting is a homomorphism, we define p{A^ ^) := A^ ^ G B{Ti.r) and check 
continuity. Let cp = U{A)n , ( = U{B)n , ' r/ = n((5)'ri then 



IK^^,cM^)lr = ll'^(^^,c^)lr= / ll(^^,c^)(^)lrw 
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Jx 

< [ MB*B)-iP,{C*C)-MA*A)dfi{x) 
Jx 

xex Jx 



Remarks. (1) Note that theorem 2.5(ii) expresses that £ is a C(X)-algebra , given 
that n(C) = C{X) . Thus the family | Z{x) \ xeX^ can be topologised 

as a Fell bundle (cf. M. Nilsen [Ni]). In fact, since C' is also obviously a 
C(X)-algebra , it is also the set of continuous sections of a Fell bundle. Note 
also that C has ideals corresponding to closed subsets 1" of X by Xy '■= 
{ L e £ I n(L) = } . Obviously, since C is fibrewise the compacts, it is a 
nonunital algebra. 
(2) Another, possibly smaller choice for C is 

£^:=C*{\^ I CeSpan{n(C7r,(.F)")^^}} 

in which case we still have fibrewise the compacts, Cjr(x) = Ki{l-L^ ) , but 
instead of 2.4(ii) we now have only the weaker property that n(C) and 
n(7r^(jF)") are in the relative multiplier algebra of Cjr in Tq{B{iP)) . 

Lemma 2.6. (z) Let a E C , then the map x — > is continuous. 

(ii) Fix an x e X , then | a e £ | a(a;) = | is dense in the set 

[f-a I aeC, feC{X), f{x) = 0] . 

Proof: (i) First we show that x — > is continuous for the generating set of 

£ . Let a = A^^^ with ifi^U{A)n, C = n(5)fi , A, B e C , then 

\\aix)\\ = Ijx) =||<^(a;)||-||C(a;)|| 



which is continuous in x because ipx{A*A) = ^{T ^{5{A* A))){x) and this is 
continuous by theorem 2.1(i). It is easy to see that x — * \\a{x) \\ is continuous for 
linear combinations of the A^ ^ : let a, bEr{B{'i/j)) be such that a; ^ ||a(a;)|| 
and X — > is continuous, then for a convergent net Xi, —>■ x in X , 

|||a(a;j,) + b(xiy)\\ - \\a(x) + b(x)\\ \ < \\a(x„) + b(xiy) - a(x) - b{x 
< \\a{x^) - a{x)\\ + \\b{x^) - b{x)\\ — > . 
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Next we show that y := Span | ^ | V) C ^ | is in fact a dense *- 

subalgebra of C , not just a generating set^ That it is involutive follows from 
A* = .We only need to show that A ,-A, e . Let c e TiHiib)) , 

then 

(\c-4. c)(x)=v^(x) (C(x), (4^c)(x))^ 

= ^(a^) (C(a^), • (^(2^), c(x)) = (A_^^c)(x) 

where ^ := n((cS)v; G n(C')fi , sinc^ (CS(^) := (C(^), ^(^)) is 
continuous so corresponds to an element (C:0 ^ • Thus 
A .-A, ey . 

Finally, we need to show that if {an} C 3^ is a sequence converging to an a & C 
in norm, then x \\a(x)\\ is continuous. Given a converging net x^, ^ x in 
X , 

= \\a{xj,) - ttnixj,) + an(x,^) - an{x) + an(x) - a{x)\\ 

< \\a{xy) - an{xu)\\ + \\an{xi,) - an{x)\\ + \\an{x) - a{x)\\ 

< 2\\a - an\\ + \\an{xiy) - an{x)\\ 

and this can be made arbitrary small for suitable choices of n and v . 
(ii) Denote | a G £ | a(x) = | and J^x '•= 

I fC I / G C(X), f{x) = I .If g = f ■ CL E Jx , we clearly have that (/(x) = 
f{x) a{x) — , i.e. JT^ C X^, . Conversely, let a G Xj , then by part (i) of this 
lemma. Us := {y E X | ||a(|/)|| < e} is open for any e > . Since X is 
the spectrum of a von Neumann algebra, it is completely regular, so there is a 
continuous function / : X — > [0, 1] such that f{x) = , f{y) = 1 for all 
y^Ue .So 

||(a - /a)(a;)|| = ||a(x)(l - /(a;))|| = \\a{x)\\ ■ |1 - /(a;)| = 

as a{x) = . Since ||(a — fa){y)\\ < e for all y E Ug and 

II (a — fa){y)\\ = when y ^ Us , it is clear that 1x = Jx • | 

Lemma 2.7. Any-pure state ^ of C is of the form 7(a) = 7a;(a(a;)) for all aeC 
where X IS Qj distinguished point x E X , and Is a pure state of 

cix) = jcin^j . ^ 

Proo/; From 2.5 we have C{X)C C C D CC{X) using U{C)=C{X) in the explicit 
action, cf. the definition below 2.1. Hence by Dixmier 2.11.7 [Di] there is a unique 
extension 7 of 7 jto a pure state of _ 

C*(£un(C)) C M(£) .Since C(X) = n(c) c z(c*(£ u n(c)) , 7rc(x) is 



pure (since the image of the centre of a C*-algebra under an irreducible represen- 
tation is one-dimensional). Thus ^\C{X) is evaluation at some distinguished 
point X & X , and obviously the left kernel 

N^^^^^^^Kev^\C{X)^{feC{X) \ /(x) = } . 
Since C{X) commutes with C , this means 

|7(L/)|'<7(i^*i^)7(/7) = V/eKer7rC(X), LeC 
i.e. I Cf I f{x) = I C . Since 7 is pure, 

Ker 7 = + TV^ D { £/ | f{x) = } 

using Dixmier 2.9.1 [Di]. The last set is a two-sided ideal, hence in Keryr-y , and 
moreover by lemma 2.6(ii), C{x) — {^f \ f{x) — j and so 



7(a) = 7(a + | f{x) = O}) = ^{a{x)) 

defines a state 7 on £,{x) , henceforth denoted by j i-e. 7(a) = 721(0(0;)) . 
Clearly if is not pure, we can write it as a convex combination of states, which 
through the last expression produces a convex combination for 7 , contradicting 
the fact that 7 is pure. Thus 7^; must also be pure. | 

Remarks. (1) Given that C can be realised as the continuous sections of a Fell bundle, 
lemma 2.7 is well-known, cf. e.g. Fell and Doran Prop. 8.8 p582 [FD]. 
(2) C*-algebras of the form of C are well-studied in the literature as fields of 
elementary algebras, cf. Dixmier [Di]. 

Theorem 2.8. Let 7 be a state on L , then there is a probahihty measure on 
X and a v-almost everywhere deGned map prsuppzv— > Y[ ^i^i^)) 

such that px G &{jC{x)) , and 

7(a) = / Px{a{x)) di'{x) \/ a G C . 
Jx 



Proof: Since by 2.5 we have n(C') in M(£) , both 7 and tt^ extend uniquely (on 
the same space) to it. Consider the unital C*-algebra C := 7t^{II{C)) C 7r-y(£)' . 
It will only be a von Neumann algebra if 7 is normal on n(C) , which we 
cannot assume. Nevertheless, we can apply theorem 2.1 (which works for also 
for a commutative C*-algebra in the commutant) to the triple JC, 7, C to 
obtain a probability measure ly on the spectrum y of C with support Y , 
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and the Gel'fand isomorphism $ : C ^ L°°{Y, v) and a zv-a.e. defined map 
^e{Z) such that 

7(a) = J ^x{a)d'u{x) and ^^{C.a) = ^{C){x) ■ ^^{a) 

for all a E C , C & C . Now C is a homomorphic image of C = C{X) , 
and as all ideals in C{X) are of the form {/eC(X) | f{Z) — 0^ for some 
closed set Z C X , th e homomorphic images of C{X) are all isomorphic 
to the algebras C{X\Z) = C(F) for V C X the closure of an open set. 
Thus there is a homeomorphism (3 : Y ^ V G X , with V the closure 
of an open set and we obtain it as follows. Since tTj must map maximal 
ideals of C to maximal ideals of C , define P : Y X by n^{I^^^~^) = Xj 
where I^:={CeC \ $(C)(a;) = 0} and X^; := | L» e C | $(L»)(a;) = o| . 
Observe that this implies 

We can thus write the integral of 7 over X instead of Y ;- define a measure 
u on X by setting it equal to v = vof3~^ on I3{Y) d X , and zero outside 
of this set. Then 7(a) = Jj^ tpfj-i(^^-){a) di'{x) for a e C . In order to define 
the map px from this, we need to show for zv-almost all x that i/'^-i(a;)(a) 
only depends on the value a{x) of a e C . Now 

so if C e X(3-i(a;) = 7r-y(Xj) , then 'il>p-i(^x){C.a) = for all a e £ . But by 
lemma 2.6(ii), 

Xj; • £ = I a e £ I a{x) = | =: 

so '0/3-i(a;) (-f^a;) = , and thus using C{x) = C/Kx , we have 

^l3-^{x){o) = i}i3-i^x){a + Kx) =: Px(a(a;)) , a G £ 

and obviously px £ ©(>C(a;)) . Thus finally, 7(a) = J-^ px{a{x)) dv{x) for 
a e £ . I 

Corollary 2.9. Witii tie data .F, C above, 

(i) for any state 'j of C there is a probability measure u on X 
and a u-almost everywhere defined map T : suppz^ —>■ Yl ^(^w, ) 

x£X 

such that Tx G /C(7i^ ) is positive, trace class, normalised, and satisfies 



7(a) = / Tr{a{x)Tx) du{x) , \/ a e C. 
Jx 
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(ii) Let ^(7) denote the unique extension of a state 7 e <S(>C) to 
C , then 

where v and T above. 

Proof: (i) This follows directly from theorem 2.8 and the fact that J0.{x) — KLiTi^ ) 
for all X & X . So, since all states on the compacts are of the form (t){A) = 
Tr(^T) with T positive trace-class, it follows that pa;(a(a;)) = Tr(a(a;) Ta;) . 

{ii) Let 7 e be as above in (i) , i.e. 

7(a) := / TT{a{x)T^) diy{x) 
Jx 

where a e £ . Now we know the unique extension of 7 to C is given by 

7(a) = lim7(£'Q,a) , a e C'. 

a 

In particular, for the states 'jx G &{^) given by 7a;(o) := Tr(a(a;)Ta;), we get 
7a. (a) = \imTr{Ea,{x) a{x) T^) = Tr {a{x)Tx) 

since 7^; is normal, so has a unique extension by the last formula to B{T-C^^). 
Furthermore, ||7a;|| = 1 for all x, and as u is a probability measure on X, 
the function 1 is in L^{X, u). Thus we may apply the Lebesgue dominated 
convergence theorem: 

7(a) = lim / Ti(Ea{x) a{x) T^) dv{x) 

= / \iraTi{EJx)a{x)Tx)dvix) 
Jx 

= [ Tt{a{x)Tx)diy{x). 
Jx 

■ 

Theorem 2.10. 7 is a normal state of C or of t^uj{T)" C C iff it can he written 

l{A)= I Tr{7:^^{A)Tx)-f{x)d^{x), A e C 

where G )C{T-C^ ) is a.e. trace-class, positive and normalised, and 
f e L^{X, ji) with ji the measure associated to the initial choice uj 
and C . 
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Proof: Let 7 be a normal state on C or 7r^{T)" , then by theorem 2.2 there is 
a unitary U : Ti^^ Ti-p intertwining tTj^ with 11 . Thus by Kadison and 
Ringrose 7.1.12 [KR], there is a countable set of vectors {93^} C Tir such that 

1 = E ll^ll' and 7(A) = n(A)^„) . Now let {C^} C Il{C')^ be 

n=l n 

sequences such that ^(Cfc) ~^ Vn ^ '^r where the convergence is in . We 
can in fact choose such sequences with ||/^(Cfc)ll = llVnII because if is a 
nonzero sequence converging to ipn , so is Cfe llv'nll/IICfc II • Below we will blur 
the distinction between Ac(Cfe ) and Cfe • Thus 

00 „ 

= I EIKfe(^)t Mx) 

Jx „ "'/'a. 

by Fubini and absolute convergence. Thus 

ElKfe(^)t eLi(X,^)+. Now 



{Q{x),BQ{x))^ <l|5||-||C(^)t hence 



defines a positive functional on B{H^ ) for //-almost all x . Moreover, it is 
normal by Kadison and Ringrose 7.1.12 [KR]. Now for A a positive element of 
C 



7(A) = ^(^,, A^^) = AQ) = lim5^(C, AC 



k k 
n n 



by dominated convergence, since |(Cfe: ^Cfe)| ^ ll^ll " llCfe IP = 

ll^ll ■ ll^^nf . So 

7(A) = limJ]/ mx), A{x)Q{x))^^ df^ix) 

n ^ 

= I E(Cfe(^), A{x)Q{x))^^^ df^ix) 
= lim / -f^{A{x)) dfx{x) 
where we used Fubini's theorem and absolute convergence. Moreover, since 



|7.'(^(^))| < ll^ll E IKr(^) t e L\X, /x)+ 
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we can use the dominated convergence theorem to conclude 

7(^) = / lif^i'AM^)) d^i{x) (1) 

Jx ^ 

providing we can show that the pointwise hmits hm 7^(^(0;)) exist a.e. which 

is what wc prove now. Since Q e U{C')Q , let Cfc = ^i^k)^ , e C , so 
for B eC 

n n 

= J2MArBAl) so 

n 

\l'AB)-li{B)\ = \j2MArBAl-ArBA2) 

n 

< I E (MiAl - A^rB{A-, - A^)) + MATBiAl - A^)) 

n 

+ M{A'i-A'irBA^)) 
<\\B\\J2{MiA^k-A2r{A^k-A7)) 

n 

+ 2i;,{ArA^y/^ ■ MiA): - A-,)\Al - A,-))^/^) (2) 
using the Cauchy-Schwartz inequality. Now 

Y^^A^Al - A-,)\Al - A^,)) = WCUx) - Q{x)f 

n 

which must converge to zero a.e. as k and £ approach infinity because 

and this approaches zero with k , £ since {C^} is a convergent sequence. 
Applying the Cauchy-Schwartz inequality to the sum: 

\Y,MArAiy/' ■ M{A^ - A7nA-, - A^)y/'\' 

n 

< E^-(^r^?) • E^-((^^ - ^Tn^i - a-,)) 

n m 

which as we saw approach zero a.e. Thus (2) converges to zero a.e. and so the 

pointwise limit lim^ 7^(5(a;)) exists a.e. and (1) is justified. 

Since the normal states are sequentially weak*-closed (cf. Takesaki 5.2 pl48 
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[Tak]), we conclude that lini7^ is a normal state on B{H^ ) . Thus there is a 

positive normalised trace-class operator T^; e ^{^^ ) such that 7a; (^(a;)) = 
f{x)-Ti:{A{x)T:,) where f{x) = 7^(1) > . That / e L^{X, fx) follows from 

1 = 7(1)= / l,{l)d^iix)= f f{x)df,ix). 

Thus l{A)= I Tr{7T^^{A)T,) f{x)dix{x) V A e C . 

Conversely, assume 7(A) to have this form. Then by Kadison and Ringrose 
7.1.12 [KR], it suffices to show 7 is strong operator continuous on the unit ball 
of C .Let {Aa} C C be a net converging to zero in strong operator topology 
and with \\Aa\\ < 1 . That is, for all (p e Hu) 

\\Aa<pf= [ \\Aa{x)<p{x)\\l dix{x)^0 

which implies that ||74q;(x) — > almost everywhere. Since Aa{x) = 

|7(^a)| = |/ It(7r^J^a)T,) f{x)dfi{x)\< f \Tr {TT^^iA^) T,) \ f (x) df,{x) . 

Moreover |Tr(7r^ {Aa)Tx)\ f{x) < \\Aa\\ ■ f{x) which is of course an 
L-'^-function and lim|Tr(7r^ (Aq,)Tj)| because (^a)|| < 1 and 

Tr(-T^) is a normal functional on -6(7^^ ) (recall that Act{x) converges al- 
most everywhere to in the strong operator topology) . Thus by the dominated 
convergence theorem, 

lim|7(^«)| < lim / |'IV(7r (A«)T,)| f{x)dfi{x) 

= / lim|T:(7r, {Aa)T,)\ f{x) dfi{x) = . 
Jx " 

The argument generalises to nets Aq, —>■ A ^ in strong operator topology for 
ll^all < 1 7 hence 7 is normal. | 
Remark. Observe that the theorem automatically constructs a state on C even if one 
starts from a state on tTuj{T)" , though due to the choices involved this need 
not be unique. 

Def. Given JF, C as above, define the set C &{C) as the set of those states 
7 with 7(a) = Tr (a(x) Te) du{x) as in 2.9, where u is absolutely continuous 
with respect to /x . As before, we denote the set of normal states of a concrete von 
Neumann algebra by 6jv(A/') . 

Theorem 2.11. Assume the data and notation of Corr. 2.9, then 

(i) For a state 7 e the extension ^(7) is normal on C or 
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on 'K^{J^)" iff its measure v on X is absolutely continuous with the 

measure ^ associated with co . 

(ii) For each normal state r] of C or ni^{J^)" there is a 7 e 
such that T] — 9{j) . 

(Hi) We have: 9 : Q^; — > 6Ar(7rt^(^)") is a surjection. Since C C C , 
we see that 9 : — > &n{C') is a bijection. 

Proof: (i) By Corr. 2.9(ii) and theorem 2.10, this follows immediately. 

(a) Now C C so normal states of C are restrictions of normal states of 
jC", and these in turn are the unique extensions of states from C by strong 
operator continuity. Since C C M(£) C these strong operator extensions 
are just the unique extensions by 9. Thus we have surjectivity as claimed. 
(Hi) This is just a restatement of the preceding parts. | 

Remark. Since is a proper subset of this means that C cannot in general 

be an ideal host for C or for 7r^j{J^)", a fact which is also obvious from the 
commutative situation: Tr^jiJ^)" = L°°{X, ji) = C. But we have almost finished 
showing that it is a quasi-host. 

Theorem 2.12. Let C = L°°(X, //) he maximally commutative in 'Kuj{J-)' ■ Then C' = 
(AAuC)"dA 7r^(J^) C M(£), 



6,^ = I ^ e 6(£) I ip\ L°°{X, n) is normal } , 



6c. r7r^(^) = &n{M) = 67v(7r^(^)) and &^ \C*{MuC) is in bi- 
jection with In short, C is a quasi-host for (A/", ©at (A/")) (hence 
for {7rUJ').&N{7rU^))). 
Proof: Since C is maximally commutative in jV', we have C = N' (iC = (N" U C)' 
and thus C = [NliC)" hence a normal state on C is uniquely determined 
by its values on C and on M . Thus by Theorem 2.11(iii) we have that &^ \ 
C*(A/'U C) is in bijection with (3^. We already have the embeddings stated, 
so to check the claimed characterisation of 6^), recall that it consists of states 
7 e such that 

7(A) = / Tr {A{x)T^) du{x) , AeC 
Jx 

where v is absolutely continuous w.r.t. ji. Then for f e C = L°°{X, /j,) we 
have for any approximate identity {Ea} of C : 

7(/) = lim7(/ • E^) = hm / fix) Tr {E^{x)T,) dv{x) = [ fix) dv{x) 
" " Jx 

using the argument in the proof of Corollary 2.9(ii). These are precisely the 
normal states of L°°{X,fj,). This completes the proof. | 
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Return now to the original pair (JF, &q) at the start of the investigation, which was 
equivalent to the examination of {7r(s^{T), &n{t^&o{^)))j where ttqq = t^oj- Take 

the direct sum jCq := ^ C B{1-Lqq) where is the quasi-host constructed 

above for the pair (7rtj(JF), &n{t^u>{^)))- Then 

7reo(^) C M(£o), and L°°(X^,/x^) C ZM{C^). 

Let {X,fi) be the disjoint union of the measure spaces (^i^,/Ucj) (hence ^ is not 
a probability measure), so we can write L°°{X,iJ,) = L°°{Xi^, /j,^), and thus 

L°°{X,jj,) C ZM{Co). Moreover with notation 

:= I e 6(£o) I ^ t fi) is normal } 

we see that for <^ e 6^ that f L°°(Xt^, /i^^) is normal for all a; e ©o; hence 6^ is 
the norm closed convex hull of IJ &^ and by Theorem 2.12 ©^u t TTeo (•^) = ©o and 

6^ t C*(7reo(-^) U L°°(X, //)) is in bijection with 6^. In other words, £o is a quasi- 
host for {J^, &o). Note that whilst jCq is in Bi^Q^), it need not be in 'Ke^{!F)'\ 
(unlike ideal hosts) because C may have a part outside 7reo(-^)"- 

Theorem 2.13. Given the preceding notation, if [T ^ ©o) has an ideal host, then ji 
must have discrete points. 

Proof: If {J^, 6o) has an ideal host, then by Corollary 1.7, 6o has pure states. So 
in the direct sum 7reo(.^) = T^ui^) we have that for some u> & &o, that 

T^uii^y = CI, and so C^^ — CI and thus {X^^, /j,^) is the discrete trivial 
measure space {{x}, S), d{{x}) = 1, 5(0) = 0. Since this is a summand of 
L°°{X,iJ,), we conclude that has discrete points. | 

This makes now explicit the sense in which we meant that {X, ^) with fj. continuous, 
is an obstruction to the existence of an ideal host. It would be nice to get a converse, i.e. 
to argue that an ideal host exists iff fi has some specific structure, but we do not have 
this yet. 
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3. Applications. 

Here we will do a couple of applications of ideal hosts, mainly following the well-trodden 
path of group algebras. First, there is the question of useful decompositions of states in 
So into other states in &q : 

Theorem 3.1. Let C be an ideal host for a pair {T ^ ©o)) and let e ©o- Then 
there is an integral decomposition 



Proof: Most of the work for the proof has already been done in the last section. First 
observe that from Theorem 1.5 we know that C" = nQg{J-')", and hence for 
an u; G &{C) we have that 7r^(£)" = 7r5i(^)(jF)". For a given </? G ©o, 
choose LV = 9~^{(f). From Theorem 2.1, for a choice of commutative algebra 
C C ni_j{Cy, we have the decomposition 



for all A e C D ^~{^) = "^ipi^), and hence by restriction to 7t^{J^) this is 
also a decomposition for (p = uj \ E &o- Make the usual identification of X 
with a subset of by x — > -i/^j;, and maintain the same symbol for the 

measure ^ carried by this identification to Of course via 6 we can 

now carry this measure to ©o too. Thus we have 



for all F G J^, any approximate identity {£'«} of C, and where we used the 
argument in the proof of Corollary 2.9(ii) to bring the limit into the integral. This 
then provides the basic decomposition formula. Now, since the measure ^ on 
©(£) is the same one constructed in the decomposition theory in Takesaki [Tak], 
we can use his Theorem 6.28, p246, to conclude that if C is maximally com- 
mutative in TTuiijCy, then is pseudosupported by the pure states of C, 
and supported by them if C is separable. Because 6 restricts to a bijection 




such that jjL is pseudosupported on the pure states of ©q. If 
separable, ji is actually supported on the pure states of ©q. 



C is 





33 



between the pure states on L and the pure states of ©o, this proves the 
assertion. I 

Remark. Since by Theorem 1.5 we deduce that d also restricts to a bijection between the factor 
states of C and the factor states of ©o, we can use the central decomposition of 
a state on L to obtain a similar decomposition of a state in ©q? in terms of 
factor states. Again, we will have the two claims for the measure;- in general it is 
pseudosupported on the factor states, but if L is separable, it is actually supported 
by the factor states. 

As a second application for host algebras, we mention that of inducing representa- 
tions. For group algebras, this is of course one of the main applications (cf. Rieffel [Ri]). 
What allows one to do the same here, is the relationship given in Theorem 1.9 between 
the representations of T and those of a host algebra. To be more specific, given two 
pairs (^j, ©oi), ^ = 1, 2 together with respective hosts Li then providing one has 
constructed a right >Ci-rigged left £2~niodule Al, then we can induce a representation 
TT e Rep^ T\ to a representation p e Rep^ Ti by using the map A in Theorem 1.9 
to identify tt with a representation of £i, inducing this representation via }A to 
Lii and then identifying the result with a representation p G Rep^ T2 with the map 
A. The benefit of doing an induction via host algebras is that we remain within the class 
of representations normal w.r.t. the representations tt^^ whereas induction between 
the Ti^ directly, can move us out of these classes. The crirx comes of course with the 
construction of the module M.. For concrete examples of this, we refer to any example 
of induction via group algebras (cf. Rieffel [Ri]). 
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